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Abstract. Each second-order (or higher-order) differential equation field defined on a tangent
bundle or a jet bundle has an associated (possibly nonlinear) connection. We give a new
geometric construction for this connection which uses a single straightforward formula in all
cases; the fractional coefficients which complicate the traditional tensor formulæ are not required.

1. Introduction

Every second-order differential equation field (SODE field)0 is associated with a nonlinear
connection on the tangent (or jet) bundle of the associated configuration space. This has
been known for a long time in the particular case where the SODE field is the geodesic
spray of a Riemannian metric: in this case, the connection is just the metric connection.
More recently, it has been shown that such an association always holds [1]. The properties
of this connection have been studied by many authors, and have been used to investigate,
for example, the separability of the original equations in appropriate coordinate systems [6],
and the existence of a Lagrangian function for which the equations are the Euler–Lagrange
equations [3].

In the autonomous case, the connection is defined on the tangent bundleTQ→ Q and
is usually specified by giving its horizontal projector as

PH = 1
2(I − L0S)

whereS is the type(1, 1) tensor field representing the canonical almost tangential structure
(or vertical endomorphism) onTQ. If local coordinates onQ areqi and those onTQ are
(qi, q̇i) then

S = dqi ⊗ ∂

∂q̇i

so if the SODE field is given by

0 = q̇i ∂
∂qi
+ f i ∂

∂q̇i

then

PH = dqi ⊗
(
∂

∂qi
+ 1

2

∂f j

∂q̇i

∂

∂q̇j

)
.
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In the time-dependent case, the connection is defined instead on a jet bundleJ 1π → E,
whereπ is a fibrationπ :E→ R: if π has a given trivialization then we may think ofE as
a product manifoldR×Q. In this case the horizontal projector is given by

PH = 1
2(I − L0S + dt ⊗ 0).

If local coordinates onE are(t, qi) and those onJ 1π are(t, qi, q̇i) then

S = (dqi − q̇ i dt)⊗ ∂

∂q̇i

so if the SODE field is given by

0 = ∂

∂t
+ q̇ i ∂

∂qi
+ f i ∂

∂q̇i

then

PH = dqi ⊗
(
∂

∂qi
+ 1

2

∂f j

∂q̇i

∂

∂q̇j

)
+ dt ⊗

(
∂

∂t
+
(
f j − 1

2
q̇i
∂f j

∂q̇i

)
∂

∂q̇j

)
.

Similar definitions may be given for higher-order differential equation fields, although
the formulæ are more complicated [2]. For instance, if0 is a (k + 1)th-order differential
equation field defined onT kQ then the associated connection is defined on the bundle
T kQ→ T k−1Q and its horizontal projector is given by

PH = 1

k + 1
(kI − L0S)

where nowS is the higher-order type(1, 1) tensor field defined canonically on the manifold
T kQ.

The purpose of the present note is to describe a new geometric construction for these
connections. The construction differs from the existing ones in that it uses theS tensor
defined onT k+1Q (or J k+1π ) rather than onT kQ (or J kπ ) for a (k+1)th-order differential
equation field. It is a unifying and conceptually straightforward approach, where a single
formula (without fractional coefficients) applies in all cases. We describe the construction
in section 3; this description is preceded, in section 2, by an analogy which demonstrates
the origin of the idea.

2. An analogy: systems with non-holonomic constraints

Suppose given a manifoldE with fibration π :E → R. A certain type of non-holonomic
constraint may be described by a submanifoldC ⊂ J 1π which projects ontoE; several
authors [4, 5, 8] have considered the sub-bundle

i∗S∗T ◦C ⊂ T ∗C
(or its equivalent in the autonomous case). To explain this construction,

— i:C → J 1π is the inclusion;
— T ◦C is the annihilator ofT C in i∗T J 1π , wherei∗T J 1π is the pull-back bundle of

T J 1π overC; and
— S∗ represents the pointwise action of theS tensor (onJ 1π ) on cotangent vectors.

In [5] this sub-bundle is called the Chetaev bundle.
Locally, we may always choose coordinates(t, qα, qa) onE so that the constraints may

be expressed in solved form asq̇a = ga(t, qβ, qb, q̇β). The sub-bundle described above is
then generated locally by the 1-forms

ηa = dqa − ∂ga

∂q̇α
dqα −

(
ga − q̇α ∂g

a

∂q̇α

)
dt.
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If the constraints are affine, sayga(t, qβ, qb, q̇β) = q̇αBaα(t, qβ, qb) + Ba(t, qβ, qb), then
the 1-formsηa will be given by

ηa = dqa − Baα(t, qβ, qb) dqα − Ba(t, qβ, qb) dt

and will be basic overE, so that they will be pulled back from formsηa0 on E with the
same coordinate representation. If the constraints are not affine then the formsηa will be
semi-basic overE.

Now suppose there is another fibration ofE given by ρ:E → M whereπ0:M → R
satisfiesπ0 ◦ ρ = π . Suppose that, with coordinates(t, qα) on M and (t, qα, qa) on
E, the constraints take the solved form above. In the affine case, the formsηa0 will be
complementary to the horizontal forms dt , dqα of the new projectionρ, and so they will be
the vertical forms of a connection onρ which we may represent by a mapσ :E→ J 1ρ: we
haveσaα = Baα andσa = Ba. (Details of a similar construction may be found in [7].) In the
general case, whether the constraints are affine or not, the formsηa will be complementary
to the horizontal forms dt , dqα, dq̇α of the bundlej1ρ|C :C → J 1π0, and so they will be
the vertical forms of a connection onj1ρ|C with

σaα =
∂ga

∂q̇α
σ a = ga − q̇α ∂g

a

∂q̇α
σ̇ aα = 0.

In either case, the observation is that, by starting with a submanifold of a jet (or tangent)
manifold and a suitable fibration, we can generate the vertical forms of a connection by
applying theS tensor to the annihilator of the submanifold’s tangent bundle and then
pulling the result back to the submanifold. We shall use this same technique to construct
the connection associated with an arbitrary differential equation field.

3. The construction

A time-dependent(k + 1)th-order vector field0 is a section ofT J kπ → J kπ with the
properties that it projects to∂/∂t on R (and hence takes its values inJ 1πk ⊂ T J kπ ), and
that it annihilates contact forms (so that it actually takes its values inJ k+1π ⊂ J 1πk). Let
γ be the section ofJ k+1π → J kπ determined by the vector field0, and consider

Vγ := γ ∗S∗k+1T
◦(Im(γ )).

Here:
— Im(γ ) is a submanifold ofJ k+1π , andi:Im(γ )→ J k+1π is the inclusion;
— T (Im(γ )) is a sub-bundle of the pull-back bundlei∗T J k+1π over Im(γ );
— T ◦(Im(γ )) is the annihilator ofT (Im(γ )) and is a sub-bundle of the pull-back bundle

i∗T ∗J k+1π over Im(γ );
— Sk+1 is theS-tensor onJ k+1π , with S∗k+1 being the corresponding pointwise operator

on cotangent vectors, so thatS∗k+1T
◦(Im(γ )) is another sub-bundle ofi∗T ∗J k+1π over

Im(γ ); and finally
— Vγ = γ ∗S∗k+1T

◦(Im(γ )) is a sub-bundle ofT ∗J kπ which is just the vertical cotangent
bundle of the nonlinear connection onπk,k−1:J kπ → J k−1π .

Of course we need to prove this last assertion. We may check, using the properties of
the appropriateS and the fact thatγ is a section, that dimVγ = dimE − 1 at each point,
and thatVγ ∩ π∗k,k−1T

∗J k−1π is just the zero section, so thatVγ is complementary to the
horizontal cotangent bundle ofπk,k−1 and so does indeed determine a connection. To see
that it is the same as the one given in earlier works, we just need to check the coordinate
representation. As an illustration, we shall do this explicitly for the second-order case.
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As before, take

0 = ∂

∂t
+ q̇ i ∂

∂qi
+ f i ∂

∂q̇i

so that Im(γ ) is the submanifold defined bÿqi = f i . ThenT ◦(Im(γ )) is generated locally
by the 1-forms

dq̈ i − ∂f i

∂q̇j
dq̇j − ∂f i

∂qj
dqj − ∂f

i

∂t
dt.

The S tensor onJ 2π is given by

S2 = (dqi − q̇ i dt)⊗ ∂

∂q̇i
+ 2(dq̇ i − q̈ i dt)⊗ ∂

∂q̈i

so thatS∗2T
◦(Im(γ )) is locally generated by

2(dq̇ i − q̈ i dt)− ∂f i

∂q̇j
(dqj − q̇j dt)

= 2

(
dq̇ i − 1

2

∂f i

∂q̇j
dqj −

(
q̈i − 1

2
q̇j
∂f i

∂q̇j

)
dt

)
.

Finally, therefore,γ ∗S∗2T
◦(Im(γ )) is locally generated by (omitting the initial factor of 2)

dq̇ i − 1

2

∂f i

∂q̇j
dqj −

(
f i − 1

2
q̇j
∂f i

∂q̇j

)
dt

which may be recognized as the vertical forms of the SODE connection. Higher-order cases
may be checked in exactly the same way.

An analogous construction may be performed in the autonomous case, where a
(k + 1)th-order vector field0 gives rise to a sectionγ of T k+1Q → T kQ: here,
Vγ = γ ∗S∗k+1T

◦(Im(γ )) will be a sub-bundle ofT ∗T kQ and will be the vertical cotangent
bundle of the nonlinear connection onT kQ→ T k−1Q.

One last remark is that, if we try this technique for a first-order vector field, we find
that the vertical forms are just dqi − f i dt in the time-dependent case, so that the (single)
horizontal vector field of the connection is0 itself; in the autonomous case all the forms
dqi are vertical so the connection is vacuous.
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